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Abstrace— In this note, we present the modeling of nonlinear
dynamical systems with Quasi-ARX neural network using
Lyapunov algorithm in learning process. This work exploits the
idea on learning algorithm in nonlinear kernel part of Quasi-
ARX model to improve stability and fast convergence of error.
The proposed algorithm is then employed to model and predict a
classical nonlinear system with input dead zone and nonlinear
dynamic systems, exhibiting the effectiveness of proposed
algorithm. Based on the result of simulation, the proposed
algorithm can make the error in process learning become fast
convergence, ultimately bounded, and the error distributed
uniformly.

Keywords-Neural networky Quasi-ARX model; nonlineary
modeling; Lyapunov; stability.

L. INTRODUCTION

The modeling of the nonlinear system become very popular
and much interest in system control community in the recent
years. It is important and an indispensable to be applied in
controller design based on predictive output of nonlinear
systems modeling [1,2]. Many approaches have been proposed
and developed to identify and predict of nonlinear dynamical
systems using neural network in different model structure and
algorithm.

Consider the fact that the system identifications are always
applied in certain application, and a number of them using
nonlinear black box-models. As we know, nonlinear black-box
model have been criticized not user friendly since they neglect
some good properties such as linear structure and simplicity [1,
3, 4]. Especially, the linear structure is very useful and more
favorable to certain applications such as nonlinear system
control and fault diagnosis [5, 6].

Because of simplicity in structure and more favorable using
linear properties in nonlinear model system, for this case, we
use Quasi-ARX model for mapping nonlinear dynamical
systems. The form of Quasi-ARX model equation can be
achieved through Taylor expansion series. The Quasi-ARX
model is a linear model with nonlinear coefficient. The
coefficient reflected nonlinear form parameter to input vector,
so the Quasi-ARX model can be divided into two sub models.
Linear part or macro part reflected the correlation of nonlinear
parameter to input vector, and kernel part reflected to
nonlinear parameter [1,3-7].
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Many learning algorithm to get best model have been used
to train kernel of nonlinear part because the general problem
of Quasi-ARX model be focused on nonlinear kernel part. The
macro part with linear parameter characteristic generally uses
the method of gradient learning least square error algorithm [1,
5, 7]. The kernel part with nonlinear form characteristic has
specific structure, so it may be formed using the other
structure like neural network and the structure of neural
network can be trained with different method and algorithm.

The structure of neural network reflected of kernel part can
be built by MLP structure [1, 5, 7]. The learning algorithm of
MLP structure have been proposed using back propagation
error [1 ,5 ,7], switching mechanism between linear and
nonlinear part [8], MLP with wavelet neuron trained by
support vector regression SVR and orthogonal least square
(SVR-OLS) [4]. The purpose of kernel part learning is to get
nonlinear parameter in vector input which it can make process
modeling stable, accurate and fast convergence.

In this case, the structure of kernel part of Quasi-ARX
model is MLP structure with Lyapunov learning algorithm.
The Lyapunov learning algorithm offers two important
advantages, those are fast convergence in learning process and
the model error ultimately bounded [2]. The Lyapunov
learning algorithm able to avoid local minima and achieve
global minima, so it can increase accuracy of model [9]. The
Lyapunov function be used to track convergence of error, so
the output of tracking error can then asymptotically converge
to zero [10], it can be used to analyze stability on
identification process [11, 12], and it can be used as switching
stability condition with multiple stability criteria [13].

Lyapunov function combining back-stepping approach can
be used as adaptive controller to guarantee semi-global
boundedness applied in nonlinear time delay [14], Lyapunov
function be used as barrier function to ensure boundedness in
control trajectory [15, 16], Lyapunov based on controller can
make closed loop system globally stable [17]. Lyapunov
method to be used to estimate asymptotic stable region in
controller design by genetic algorithm [18], Lyapunov method
with linear programming to be used to analyze stability and
control synthesis of state feedback controller [19].

Aiming at developing a fast, accurate, and convergent in
parameter optimization algorithm, Lyapunov function is
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applied as algorithm in Quasi-ARX neural network with MLP
kernel to update its weight. The proposed method only has a
few number of learning and the modeling error characteristic
bounded and has uniform distribution. The output weight of
parameter in kernel part of MLP can be convergent to the
optimal weights, and it has near to zero variance of error output
by 20 independent trials. Through the theoretical analysis and
simulation experiments the model performance offer fast
learning, stable bounded in error characteristic, and error
distributed uniformly proved by variance error close to zero
value.

II.  PROBLEM DESCRIPTION AND FORMULATION

A. Modeling Description

Consider a single input single output (SISO) black box
time invariant whose input output relation described by,

D) = g(@(0) + elr) )
o) =[N = Do, (7= n,), (2= 1), (2 = 1, N~

where #(7) € R y(?) € R, ¢(z) € R are the system output, the
system input, and stochastic noise of zero mean at time 7 ( 7=
1,2,3,... ) respectively. gf - )R — R is unknown
continuous function (black-box) describing the dynamics of
system under study, and ¢ (Z) € R is the regression vector
composed delays of the input — output data. The number of
input variables 7 is equals to the sum of 7, and 7,. The noise of
the system e(7) added on the unknown function input output of
the system.

THEOREM 1. The output of system has a linear series
function between input spaces ¢(7) to the unknown nonlinear
function of input space 6/¢p7)).
Proof:

Through wusing Taylor expansion series, nonlinear
continuous function g¢-) can be described into Taylor equation,

N0 =g(0)+g (0)p(2) + %wf(f)g" () +...+ &) 2)

the (2), can be decomposed into,

20) = g(0)
0(p(2) = [g'(O) 20 (g O+ ] 5
=la,,..a,b,,..b,.,1

where the coefficient @;,=ai(p()) (i=/....n,) is the vector
regression in output, and coefficient ;=5 p(2)) =1....m~1)
is the vector regression in input. The (2) can be simplified as,

1) = 10)+ 9" ()0(p(1) + e(2) )

The (4), can be rewrite in matrix equation as,

Ny =0"Y ©)
where,
v =) 0p)], and ®=[7 (7).
y called as nonlinear parameter of kernel part, and @ called
as input variable space of macro part.

B. Quasi-ARX model

The form ARX model with nonlinear time function at its
coefficient is depicted in two polynomials of numerator and
denumerator as,

N+ d$(@0) _ Mg @) _ b +bg "+,

W d b)) B ) \-ag ——a,g O

the operator ¢* represent to g*v(2) = y(#-£), and
O(0) = LADt =1, + Vt(D)seo = 11, = d +2)].

The coefficient of «;; and 5;, are nonlinear functions of a
regression vector ¢ (7). By using Taylor expansion and other
mathematical transformations, it is easy to show that the
system (1) can be represented by an ARX macro-model,

He.9(1=d)).Aq ' $(r~d)) =
£(0)+B(g ™ $(r~d)g “u(n) + &)

where (7 ¢(#-d)) is the model output, for which 4(7”, §(2)) and

B(g”,¢(1)) are commutable, e.g., . A(q",§(1))= Alg". $(2)).q".
see [1] for more details.

THEOREM 2. For a system described by (7), the output
predictor at one step ahead prediction yp(t+d|t, $(t)), if y(t) by
(5) satisfies.

We can see that (1) and (7) have similar characteristic in ARX
equation model form. Aiming to get prediction output, the (5)
can be rewrite as ARX macro model predictor as,

r(td)=0 y, )

where,
D= [1 ¢2)), and v, = [ ye @tos..., Qns Pos ... P
n=m-1, m=n, +d-2

As a predictor the next input vector will be known, and then
we estimate the next output of nonlinear system, so it is
important to include the next input called virtual element to
become input of MLP kernel part. With including of virtual
element .v(7+d), the input vector of MLP kernel part is showed
by (8).

E) = [E) et = W)U =N),..ostf(— 1) X1+ )] ®)

where, v, =N(&(2), Q).
The (7) represent the macro model, show it has correlation
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(1) y,e+d)|2,46))

The Quasi-ARX prediction model with kernel part MLP neural
network

Figure 1.

between the input variable space vector @p and the output of
kernel part y,, and the (8) as input space of kernel part & 7).
The Quasi-ARX with neural network structure using MLP
kernel which represent (7) and (8) is showed by Fig. 1. The
parameter of y, are realized by MLP neural network MIMO,
the Quasi-ARX prediction model is expressed by,

v, (t+d|1,E(D)) =D RE?),Q) ©9)
NE(),Q) =T (D) +0 (10)

where, Q = {Wi, Wy, 0}, W e R W, e R®DM gre the
weight matrices of the first and second layer. e R®*V*! are the
bias vector of output nodes, and I" is the diagonal nonlinear
operator with identical sigmoidal elements on hidden nodes.
Substitute (9) and (10), (7) can be expressed by,
7 r

y,(t+d| 0,50 =@, T ED)+P, 0 (1)
the equation (11) can be realized into Quasi-ARX neural
network with MLP structure of kernel part.

C. Learning Algorithm

The prediction output will be satisfied if only the output of
kernel part can be satisfied. The kernel of nonlinear part
Quasi-ARX is MIMO MLP structure. Consider that the MLP
kernel Quasi-ARX have n input node, m hidden node, so the
output must have n+l node. The input vector is & (z)=[ &1,
€2, ...,&n], the output of hidden node h = [h; hy ... hn], the
output of MLP kernel s = [s1 s2 ... sas1]. The output at hidden
node with nonlinear function in hidden layer can be expressed
as,

hy = SN2 26 = /()
J=1 =1
where, /4 is the nonlinear sigmoid function at hidden node.

(12)

1-¢~
l+e~

The output of node with linear function, can be expressed as,

m_ n+l

NEDQ=DDhy ., +0

J=1 r=1

(14)

where, Wy /-,,),9 are the weight matrices in first,
second layer, and the bias vector of output node,
N(-,-) is a MLP network with n input nodes.
Consider there are two sub models in Quasi-ARX neural
network, those are linear part, and nonlinear kernel part the
output of two sub model expressed by,

SMI z,=®,0 (15)
M2z, =0 T URE () (16
The output guidance of two sub models are expressed by,
- d|,EN))-® " WTWE(L a7
2= 0, (+d | LE@) =@, T URED)
2, =p,(t+d|LE@) - @70 1%

There are two learning algorithm to update model parameter.
The first is the linear part sub model will be identified using
square error algorithm and the second is the nonlinear sub
model or kernel part will be identified using Lyapunov
function. There are assumptions made in our proposed
algorithm.

Assumption 1. The pairs of the input and output training data
are bounded, and the input is generated from random vector
PRBS (pseudo random binary sequence)

Assumption 2. The Weight matrices and bias vector are
bounded.

Assumption 3. g/ at (1) is the continuous function.

Suppose that the assumption 2 is valid, /#;" W>" 0°/= Q"
is the optimal solution, so N (Q7 £z))= satisfies (11). We can
update the model parameter /#7 #> 6 /= . The learning
algorithm based Lyapunov function are described as:

1) Set 6= 0, and small initial values of #; #> 6. k=1.

2) Calculate z; then estimate 6 by model SM1 using LSE
method.

3) Calculate error, z=N(Q"&(t))

A4) = R(Q',5(9) - R(Q.E(9) (19)
where, k = the sequence of learning number, e(k) = [ei,
€,...enr1], N(Q,EM))=[N1, No,...,Nnu1], N(QEM))=[NT,

N2", ., N ]

4) Choose Lyapunov function candidate, the candidate
function is stated as /%) = f{e(%)), where V{%)=0 only if e(%/)=0,
Vi%/>0 only if e(%) # 0.

5) Update the weights of MLP neural network from output
layer to input layer based on A /(%) =Vik)-V(k-7)<0. According
the Lyapunov theory [2, 17], if /74/>0 and A /7%)<0, the error
output will converge to zero at time goes to infinity.

Lim dk) =0, FAV(£)<0 (20)

6) Stop if pre - specified condition is met, otherwise go to
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step 2), A=4+1.

The weight matrices in first layer and second layer can be
calculate based on Lyapunov function candidate are expressed
as,

V(k)=B*e (k) Q1)

where, f is positive constant and > 1, k is the k sequence of
learning number. The derivative of Lyapunov function is
proportional to AV7%).

AV (k) = V(F) =V (k-1)
—B'é (BB (k1)
—B(NQED)-NQ &) —B 1 (h-1)

=P (ii inl (f)—?{Q*,é(f)] -pé =)

=l =l

IS =l =l

-p (?7 2(,,>/§(§,§,%,@]—r<9*,az))]
G -)

-5 [?7 o (77 L (@J—Nﬂ*é(f))}

= = ”15
G
=B -)E(#-1<0, ¥ B>1

o B +NQ )
mh,

2(/.7)

(22)

where,

THEOREM 3. Based on Lyapunov function candidate stated
as Vik) = P.&(k) and P>1. if Vi) > 0, and A Vik) < 0, where
AVE) =Vik)-Vik-1) for k=1, 2,... , the error e(k) will converge
to zero at k goes to infinity.

LEMMA 1. For a Lyapunov function candidate /74) = ‘¢’(%),

the error e¢(%) will convergence at value,

Lk)
ah=p"+"40) 23)
Proof:
AVR) = V(R - F(A—1)
—(B =D (k-1)= BB B (A1)
d#) =B k-1 24)
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o) =B 40)
42)= B 'efl) = B °7e(0) = P (0)
6(3) _ ﬁ73/2€(2) _ /3712/46(0) _ ﬁ7(1+3)3/4€(O)

E(A') — B7(1+k)k/4€(0)

Based on LEMMA 1 and THEOREM 3, the weight of
MLP kernel will be updated. Based on (14), we can inverse
the function to get the second layer weight,

—k/2 *
B e+,

o IS 25
2(/5r) mﬁ/(ﬁ'— 1) ( )
n+1ﬁ—4/2€ +N 26

Wiy = {Z . J/’”é,- (26)

where, /20, W50, and E;# 0. The equation (25) and (26)
can be modified to prevent singularities due the zero value
incorporated of Z;#0, Woyn#0 , §;# 0. The modified update
weight described by,

—4/2 S
1(/1 = (zﬂ 25,+ %J/(méﬁ%)

p— ﬁ_k/zef + NI”*
mh(k=1)+ 2,

27

P

_ (28)
2051
7

III. PLANT UNDER STUDIES

The performance of the Quasi-ARX neural network with
Lyapunov learning algorithm is verified and tested to the
nonlinear dynamical system. Those are the nonlinear dynamic
system and the nonlinear system with input dead zone
modeling identification. The performance of network is
measured using RMS root mean square error index expressed
as,

(29)

- \/ yNZ: ("))

where k =1,2,...,N. The another performance measured
with the average RMS (ARMS) in the independent trial,

ARMS = (1//\/])% RMS())

= (30)

where, / is the number of data pairs (training data), (%)
and y"(#) reflecting the k™ calculated output and system output,
NT is the number of independent test trial.



A. The Plant of a Nonlinear Dynamic System

Consider the nonlinear system dynamic system is stated as,

N = JUAr=1), (e=2), N¢=3),u(z=1), (2= 2)) + A7)
Where,
Xy Xy, Xy, X5 (1 = 1)+,
1+ +x;
B. The Plant of Nonlinear with Input Dead Zone

Nonlinear system with nonlinear characteristic dead zone
in input system stated as,

f(XI,XZ,X3,X4,X5): (31)

0.7¢4" —0.6847
1-1.72¢" +0.744

glgh= (32)

M)-043754  if U1)>05 A4

A0)=40.0625 sigif))-u’ (1) if  |i(0)| <2 (33)
WD+043754 i <=2

where, 4 = 4. The block diagram of the system represented
(32) and (33) is showed on Fig. 2.

IV. RESULT OF SYSTEM IDENTIFICATION

For both of plant A and B, e(t) is a Gaussian noise e(t) €
[0:0.05]. The system is then performed with PRBS random
signal sequence [-1.0;1.0]. The system identification are tested
with 20 independence trial to measure performance. The
performances of Quasi-ARX model are measured with the
index of performance for 500 pairs data training. Those
performances index are RMS index, standard deviation,
minimum error, maximum error, and variance in the 20
independent trials.

Fig. 3 up to Fig. 5 are the result of identification with
performance index RMS is 0.066 with standard deviation
0.0029, best minimum error 0.0557, maximum error 0.0725,
and variance error 8.26 10, The convergence error index is
reached only five learning process. The index performance
measured with different condition with changing the
parameter modeling of independent trial, the number of input
vector (7,~[1, 2], n,=[2, 4]), the number of learning VZ [100,
200, 500, 900], and the number hidden layer ni [4, 10, 20].

0.747 - 0.68¢7"

> K‘ il » 1-17297+0.74g"

Figure 2. A unknown nonlinear system with dead zone in the input
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TABLE L THE PERFORMANCE INDEX OF THE RESULT OF

IDENTIFICATION
The Average Performance Quasi-ARX Neural
Network Based on Lyapunov Learning Algorithm
(L) and Back Propagation Algorithm (BP) in 20
Independent Trials x 8 Conditions was Changed in
Parameter of (nu, ny, N, np, NL)
Plant A- Plant A- Plant B- Plant B-
@ (BP @ (BP)
ARMS 0.066 0.109 0.1214 1.272
Var. 8.26x10¢ 3.45x10* 4'45_?)(1 0.0484
SD 0.0029 0.0136 0.006 0.183
Min.
RMS 0.0557 0.0567 0.1114 0.163
Max.
RMS 0.0725 0.385 0.143 3.489

Var. = variance, SD = Deviation Standard.

The results of the identification plant A and plant B is
compared with the results of identification Quasi-ARX neural
network with back propagation learning algorithm. The
significance improvement can be reached showed in Tab. 1.
Based on the result of identification Lyapunov learning
algorithm offer the fast convergence error, stable bounded, and
it has uniform distribution of error proved by performing
method and algorithm in different trials and conditions.
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